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We investigate the quantum phase transitions of the transverse-field quantum Ising model on
the triangular lattice and Sierpin´ski fractal lattices by employing the multipartite entanglement
and quantum coherence along with the quantum renormalization group method. It is shown that
the quantum criticalities of these high-dimensional models closely relate to the behaviors of the
multipartite entanglement and quantum coherence. As the thermodynamic limit is approached, the
first derivatives of the multipartite entanglement and quantum coherence exhibit singular behaviors,
and the consistent finite-size scaling behaviors for each lattice are also obtained from the first
derivatives. The multipartite entanglement and quantum coherence are demonstrated to be good
indicators for detecting the quantum phase transitions in the triangular lattice and Sierpin´ski fractal
lattices. Furthermore, the dimensions determine the relations between the critical exponents and
the correlation length exponents for these lattices.
PACS numbers: 05.30.Rt, 03.67.Mn, 75.10.Pq, 64.60.al
I. INTRODUCTION
Quantum phase transitions (QPTs) are notable man-
ifestations of quantum many-body systems at absolute
zero temperature where the quantum fluctuations play
a dominant role and no thermal fluctuations exist [1].
QPTs can be achieved by changing the parameters of
Hamiltonian, such as an external magnetic field or the
coupling constant. As a control parameter is varied
through a critical value, the ground state of a system
suffers an abrupt change mapped to a variation in the
system’s properties. How to reveal and characterize the
critical phenomenons of quantum many-body systems is
an important task and becomes a hot topic in condensed-
matter physics. Traditional methods mainly focus on the
identification of the order parameters and the pattern of
symmetry breaking. Recent developments in quantum
information theory [2] have provided some insights into
the QPTs. Specifically, the quantum entanglement has
been successfully used as an effective tool to reveal the
QPTs without any prior knowledge of the order param-
eter [3–6]. Since the concept of renormalization was in-
troduced from the quantum field theory to quantum sta-
tistical physics [7], many progresses have been made in
the research of QPTs. As a variant of renormalization
group at zero temperature, quantum renormalization
group (QRG) is a tractable method for studying the crit-
icalities of one-dimensional [8–11] and two-dimensional
[12, 13] many-body systems. This method can be used
to evaluate the quantum critical points and scaling be-
haviors analytically, but has difficulties in quantitative
estimation for the transverse-field Ising model [14, 15].
Recently, it has been shown that a novel renormalization
group (RG) map can not only be used to accurately ex-
amine the critical behavior of the one-dimensional quan-
tum transverse-field Ising model, and also be used to
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predict the critical behaviors of the higher-dimensional
models [16, 17]. In particular, there have been efforts to
study the quantum Ising models on fractal lattices [17–
19] which were not clear before. Fractals are self-similar
structures in noninteger dimensions and have both aes-
thetic and scientific interests. They have been used to
interpolate between integer dimensional regular lattices
and construct the networks for quantum computation
and communication [20, 21]. The quantum criticalities
of fractal lattices attract our attention.
On the other hand, the entanglement in the ground
state of a many-body system can be utilized as a resource
for quantum technologies [6]. The multipartite entangle-
ment offers significant advantages in quantum tasks com-
pared with bipartite entanglement. For example, it is the
main ingredient in measurement-based quantum compu-
tation [22] and various quantum communication proto-
cols [23–25]. Therefore, the entanglement quantification
of multipartite quantum states is necessary and essential
in quantum information science. The monogamy of en-
tanglement is one of most important properties in many-
body quantum systems [26], and can be used to charac-
terize the entanglement structure. It has been recently
discovered that the squared entanglement of formation
obeys the monogamy inequality in an arbitrary N -qubit
mixed state, and a relevant multipartite entanglement in-
dicator is proposed [27]. The multipartite entanglement
provides a global view and more physical insights into
the characters of a many-body system, and it may have
some advantages over bipartite entanglement to reveal
the QPTs. Furthermore, the quantum coherence, which
arises from the quantum superposition principle, plays
a very important role in the fields of quantum optics
[28] and quantum information [2]. However, there has
been no well-accepted efficient method for measuring the
quantum coherence until very recently. A rigorous theo-
retical framework for quantifying the quantum coherence
and the necessary constraints for the quantifier have been
proposed [29]. It is interesting to do some research about
the multipartite entanglement and quantum coherence in
2the QPTs of high-dimensional many-body systems.
These developments on QPTs, QRG method, multi-
partite entanglement and quantum coherence motivate us
to consider the following questions: How do the multipar-
tite entanglement and quantum coherence behave in the
QPTs of high-dimensional models? Can the multipartite
entanglement and quantum coherence be used to indicate
the QPTs of the transverse-field quantum Ising models on
the fractal lattices? If we can apply the QRG approach to
find the finite-size scaling behaviors proposed in Ref. [4]
for the cases of fractal lattices? Are the critical exponents
of multipartite entanglement consistent with the ones of
quantum coherence for the same lattice? What are the
relations between the critical exponents and correlation
length exponents for high-dimensional systems? In this
paper, we investigate the performances of multipartite
entanglement and quantum coherence in the QPTs for
transverse-field quantum Ising model on the triangular
lattice and Sierpin´ski fractal lattices by employing the
QRG method. It is found that the quantum criticali-
ties of these models closely relate to the behaviors of the
multipartite entanglement and quantum coherence. The
singularities for each lattice are observed from the first
derivatives of the multipartite entanglement and quan-
tum coherence. The scaling behaviors as introduced in
Ref. [4] are obtained for these lattices, especially the
ones which describe how the critical points are touched
as the thermodynamic limit is approached haven’t been
discussed before. It is also shown that the multipartite
entanglement and quantum coherence obey the universal
finite-size scaling laws for the same lattice. Furthermore,
the dimensions of lattices play the decisive roles on the
relations between the critical exponents and correlation
length exponents. The multipartite entanglement and
quantum coherence are proven to be good indicators to
detect the QPTs of the transverse-field quantum Ising
model on the high-dimensional lattices, such as the tri-
angular and Sierpin´ski fractal lattices.
This paper is organized as follows. In Sec. II, we study
the QPTs of lattices by employing multipartite entangle-
ment along with the QRG method. In Sec. III, we inves-
tigate the quantum coherence and the QPTs of lattices
by using the QRG method. Finally, the conclusions are
drawn in Sec. IV.
II. MULTIPARTITE ENTANGLEMENT AND
QUANTUM PHASE TRANSITIONS IN
LATTICES
We consider a set of localized spin-1/2 particles in the
triangular lattice or Sierpin´ski fractal lattices coupled
through exchange interaction J and subject to an ex-
ternal magnetic field of strength h. The Hamiltonians
for such transverse-field quantum Ising models are given
by
H = −J
∑
〈i,j〉
σzi σ
z
j − h
∑
i
σxi (1)
where σαi (α = x, z) are the standard spin-1/2 Pauli op-
erators at the site i. The sums are over all the nearest
neighbor pairs and over all sites, respectively. We mainly
focus on the ferromagnetic interactions J > 0 and the
transverse field h > 0. In this work, three kinds of lat-
tices as shown in Fig. 1 are considered, which are the
triangular lattice and Sierpin´ski fractal lattices, respec-
tively. For simplicity, the exchange interaction normal-
ized to the transverse field strength g = J/h is applied
during our investigation.
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FIG. 1. Schematic illustration of QRG transformation for the
(a) triangular lattice and (b)(c) Sierpin´ski fractal lattices.
Typically, it is not easy to obtain the analytical solu-
tions of these high-dimensional systems. Even if the nu-
merical method such as Monte-Carlo simulation is appli-
cable [30], the calculation is computationally expensive.
The QRG method is a analytical treatment for study-
ing the QPTs, especially has advantages in estimating
the quantum critical points and scaling behaviors. The
main idea of QRG method is to eliminate or thin the
degrees of freedom of the many-body systems through a
recursive procedure until a tractable situation is reached.
According to the Kadanoff’s block method [8, 10, 11], a
spin chain can be split into blocks, which means that the
Hamiltonian is decomposed into the block Hamiltonian
and interacting (interblock) Hamiltonian. The low-lying
eigenstates of each block Hamiltonian are applied to con-
struct the basis for renormalized Hilbert space. In this
way, the full Hamiltonian is projected onto the renor-
malized space to achieve an effective Hamiltonian with
structural similarity to the original one. As long as the
3thermodynamic limit is touched by increasing the RG it-
erations, the global properties of the system can be cap-
tured.
In the novel QRG method, for the purpose of preserv-
ing the symmetry of system and the structural similarity
of Hamiltonian, not all the terms inside a block is in-
cluded in the QRG transformation [17], which is used
to significantly improve the estimation precision about
the critical point. The procedure of QRG transforma-
tion for the triangular lattice is shown in Fig. 1(a). The
entire system is covered by blocks of three sites which
are renormalized to be a single one. After performing
the renormalization, two types of coupling strengths ga
and gb replace the original one g, which means that the
coupling strength becomes highly anisotropic. In Ref.
[17], the authors have proposed that the renormalized
coupling strength for triangular lattice should be a ge-
ometric mean of all coupling strengths and choose the
hexagon consisting of seven sites as a basic cluster. Then
the renormalized coupling strength can be obtained by
g′t = g
2/6
a g
4/6
b = 2
1/3g2(1 + g2)1/6(g +
√
1 + g2)2/3. (2)
In this way, the triangular lattice with 7 × (λn)d sites
can be effectively represented by a seven-site cluster after
completing the nth RG iteration step, where d = 2 is the
dimension of triangular lattice and λ =
√
3 is the scale
of the length of the side for each RG iteration. The criti-
cal point gtc corresponding to the nontrivial fixed point is
obtained by solving g′ = g, i.e., gtc ≈ 0.539. Similarly, we
also study the transverse-field quantum Ising model on
the Sierpin´ski fractal lattices with Hausdorff dimension
dH = log(κ+ 1)/ log 2 where κ = 2 or 3 is the spatial di-
mension. The procedures of QRG transformation for the
Sierpin´ski triangular lattice (dH = 1.585) and Sierpin´ski
pyramid lattice (dH = 2) are depicted in Fig. 1(b) and
Fig. 1(c), respectively [17]. It can be observed that the
basic cluster in the Sierpin´ski triangular lattice is a trian-
gle containing three sites, and for the Sierpin´ski pyramid
lattice, it is a pyramid containing four sites. It is not dif-
ficult to find that after nth RG iterations the Sierpin´ski
triangular (or pyramid) lattice with 3×λ1.585nf (or 4×λ2nf )
sites is represented by a three (or four)-site cluster, where
λf = 2. Therefore, the renormalized coupling strengths
for the fractal lattices can be obtained as follows
g′f = g
(3κ+1)/(κ+1)(1 + g2)κ(κ−1)/2(κ+1). (3)
The critical points of the Sierpin´ski triangular lattice
and Sierpin´ski pyramid lattice are given as gStc ≈ 0.869
and gSpc ≈ 0.786, respectively. Moreover, the correlation
length exponents ν for the triangular lattice, Sierpin´ski
triangular lattice and Sierpin´ski pyramid lattice can be
calculated as follows
ν−1t = log√3
dg′t
dg
|gt
c
,
ν−1f = log2
dg′f
dg
|gc . (4)
The results are νt ≃ 0.630, νSt ≃ 0.720 and νSp ≃ 0.617,
respectively.
Next, we briefly outline the definition of the monogamy
of entanglement and the measure of multipartite entan-
glement in the present study. For an N -qubit system
with state space HA1 ⊗HA2 ⊗· · ·⊗HAN , taking the sub-
system A1 as a “node”[34], if the entanglement between
the particles A1 and A2, · · · , AN satisfies the inequality
E2A1|A2,··· ,AN ≥ E2A1A2 + E2A1A3 + · · ·+ E2A1AN , (5)
with EA1|A2,··· ,AN quantifying the entanglement in the
partition A1|A2, · · · , AN and EA1Aj quantifying the one
in the two-qubit system A1Aj , then the entanglement
measure E obeys the monogamous relation [26]. This
monogamy property imposes physical restrictions on un-
conditional sharability of quantum entanglement be-
tween the different parts of a many-body system. Ac-
cording to the Schmit decomposition [31], the subsystem
A2, · · · , AN is equal to a logic qubit A2,··· ,N for an N -
qubit pure state |ψ〉A1A2,··· ,AN . As an example, the en-
tanglement of formation Ef(A1|A2, · · · , AN ) can be de-
rived by using the analytical formula for a two-qubit state
ρAB [32]
Ef(ρAB) = h
(
1 +
√
1− C2AB
2
)
, (6)
where h(x) = −x log2 x−(1−x) log2 (1− x) is the binary
entropy and CAB = max{0,
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4}
is the concurrence [33] with decreasing nonnegative λis
being the eigenvalues of the matrix ρAB(σy⊗σy)ρ∗AB(σy⊗
σy). The squared entanglement of formation has been
found to obey the monogamy inequality in an arbitrary
N -qubit mixed state, and a relevant indicator has been
proposed to detect the multiqubit entangled states [27],
which reads
τA1|A2,··· ,AN = E
2
f (ρA1|A2,··· ,AN )−
N∑
j 6=1
E2f (ρA1Aj ). (7)
By utilizing this measure, we can not only explore the
QPTs of many-body systems, but also examine the
performance of multipartite entanglement in different
phases.
II.1. triangular lattice
Now, we investigate the multipartite entanglement for
the transverse-field quantum Ising model on the triangu-
lar lattice by employing the QRG method. Since the ba-
sic cluster contains seven sites, as shown in Fig. 1(a), we
choose the central site (labeled by 1) as the “node”[34],
and calculate the seven-partite entanglement τ1|2,··· ,7 for
studying the performances of multipartite entanglement
in the QPT. The Hamiltonian of basic cluster can be
written as
H = −g(
7∑
i=2
σz1σ
z
i +
6∑
i=2
σzi σ
z
i+1 + σ
z
2σ
z
7)−
7∑
i=1
σxi . (8)
4The density matrix is given by ρ = |ψ0〉〈ψ0|, where |ψ0〉 is
the ground state of the Hamiltonian of the basic cluster.
Then we can calculate the seven-partite entanglement ac-
cording to Eq. 7, namely,
τ1|2,··· ,7 = E2f (ρ1|2,··· ,7)−
7∑
j 6=1
E2f (ρ1j). (9)
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FIG. 2. The evolution of multipartite entanglement τ versus
coupling strength g for different RG iterations on the trian-
gular lattice. The inset depicts the bipartite entanglement
Ef(ρ12) (green dashed line) and Ef(ρ1|2···7) (purple solid line)
as functions of coupling strength g for the zeroth RG iteration.
Based on Eqs. 2 and 9, we compute the seven-partite
entanglement between seven sites in the basic cluster
which can represent different system sizes after complet-
ing the corresponding RG iterations. The seven-partite
entanglement τ as a function of g for different RG iter-
ations on the triangular lattice is plotted in Fig. 2. It
can be observed that these curves cross each other at the
critical point and two different saturated values of multi-
partite entanglement associated with two phases: the fer-
romagnetic phase (g > gtc) and the paramagnetic phase
(g < gtc) are developed. As the size of system becomes
large, the two phases are diverged more clearly. In partic-
ular, the saturated value of multipartite entanglement in
the ferromagnetic phase approaches the maximum. Here,
in order to provide a possible physical explanation, we
display the bipartite entanglements of formation Ef(ρ12)
and Ef(ρ1|2···7) as functions of coupling strength g for
the zeroth RG iteration in the inset of Fig. 2. The
bipartite entanglement Ef(ρ12) first increases from zero
to the maximum and then decreases to zero monotoni-
cally, while another one Ef(ρ1|2···7) increases monotoni-
cally with g until the saturated value is arrived. As the
coupling strength grows from zero, the increased proba-
bility for the spin pair staying at the entangled state leads
to the generation of bipartite entanglement. Only when
the competition between the interaction and quantum
fluctuation reaches a counterbalance at the critical point,
the bipartite entanglement Ef(ρ12) reaches its maximum
[35], agreeing with the results of Ref. [13]. Then the
exchange couplings play a dominant role and keep the
system staying at the ferromagnetic phase, which results
in the decrease of bipartite entanglement between two
FIG. 3. (a) First derivative of multipartite entanglement
dτ/dg versus g for different RG iterations on the triangular
lattice. (b) The logarithm of the absolute value of maximum
ln |dτ/dg| versus the logarithm of the triangular lattice size
ln(N), which is linear and shows a scaling behavior. (c)The
scaling behavior of gmax in terms of system size N for the
triangular lattice, where gmax is the position of the maximum
derivative of multipartite entanglement. (d) The finite-size
scaling through renormalization treatment with the correla-
tion length exponent ν = 0.63 for the multipartite entan-
glement. The curves corresponding to different system sizes
approximately collapse onto a single one for this triangular
lattice.
neighboring sites. We can find the reason why the mul-
tipartite entanglement approaches the maximum in the
ferromagnetic phase according to Eq. 7. On the one
hand, the increase of coupling strength brings the value of
quantum entanglement Ef(ρ1|2···7) up to the maximum.
On the other hand, the bipartite entanglements between
two neighboring sites are very little since the strong cou-
pling strength. It can be concluded that the multipartite
entanglement is not maximal at the critical point as the
bipartite entanglement be, and the multipartite entan-
glement is richer in the ferromagnetic phase than the
paramagnetic phase.
Although above interpretation is superficial, it pro-
vides inspiration for further understanding. At zero field
the model exhibits ferromagnetic behavior with net mag-
netization in the z direction. The ground state is twofold
degenerate and a product state with spins pointing in the
z direction, i.e. |+〉 = | ↑↑ · · · 〉 or |−〉 = | ↓↓ · · · 〉. In
the large-field limit, ground state is also a product state
with all spins being polarized to the direction of field.
Although no bipartite entanglement exists in both cases,
there is another possible solution for the ground state
at zero field, namely, the superposition of the degener-
ate states, which may be a Greenberger-Horne-Zeilinger
5(GHZ)-like state |G〉 = 1/√2(|+〉 + |−〉) with genuine
multipartite entanglement [36]. Therefore, the multipar-
tite entanglement approaches the maximum in the ferro-
magnetic phase, and these results may provide us a fur-
ther insight in the entanglement distribution and QPT
for many-body systems.
More information on the location and the order of the
QPT can be obtained by consideration of the derivatives
of the multipartite entanglement with respect to the cou-
pling strength. We plot the derivatives of multipartie
entanglement dτ/dg as a function of g for different RG
iterations in Fig. 3(a). It can be seen from Fig. 3(a)
that the first derivative of the multipartie entanglement
exhibits a nonanalytic behavior, which indicates that the
QPT of this system is a second-order QPT. The scal-
ing behavior of the maximum of dτ/dg versus N is dis-
played in the Fig. 3(b), which is a linear behavior of
ln(|dτ/dg|gmax) versus ln(N). Based on numerical anal-
ysis, we can obtain |dτ/dg|gmax ∼ Nµ
′
1 where the critical
exponent µ′1 ≃ 0.790. It has been found that the corre-
lation length exponent is the inverse of critical exponent
in the one-dimensional spin chain systems [37, 38]. For
this triangular lattice, the relation between the correla-
tion length exponent and critical exponent has a new
form. The correlation length exponent ν gives the di-
vergent behavior of correlation length in the vicinity of
gc, i.e., ξ ∼ |g − gc|−ν . Under the RG transformations,
the correlation length scales as ξ → ξn = ξ/λn, where
λ =
√
3 is the scale of the length of the side for each RG
iteration and related to N , i.e. 7 × (λn)d = N . For the
nth RG iteration, the renormalized coupling strength gn
is still a function of original one g. Since ξn ∼ |gn−gc|−ν
and |dτ/dg|gmax | ∼ |dgn/dg|gc |, we can derive that∣∣∣∣dτdg
∣∣∣∣
gmax
∼ N 1νd . (10)
Comparing with |dτ/dg|gmax ∼ Nµ1 , the relation of criti-
cal exponent and correlation length exponent is obtained,
namely µ1 = 1/(νd). Furthermore, the value of coupling
strength gmax corresponding to the maximum of dτ/dg
for each RG iteration gradually tends toward the critical
point gc, which indicates another scaling behavior dis-
played in Fig. 3(c), i.e., |gc − gmax| ∼ N−µ′2 where the
critical exponent µ′2 ≃ 0.808. This critical exponent is
also related to the correlation length exponent ν in the
vicinity of the critical point. The scaling of the posi-
tion of maximum gmax comes from the behavior of the
correlation length ξ near the critical point. As the ther-
modynamic limit is approached, the correlation length
ξ ∼ N1/d. Comparing with ξ ∼ |g − gc|−ν , the scaling
form |gc − gmax| ∼ N−1/(νd) can be obtained, which im-
plies that µ2 = 1/(νd). We can observe that the second
critical exponent is in good agreement with the first one
µ1 = µ2 = 1/(νtd) ≃ 0.794 where νt is the correlation
length exponent for the triangular lattice as shown in Eq.
4. It is noted that the above relation can also be proved
by the numerical results µ′1 ≃ 0.790 and µ′2 ≃ 0.808.
Based on the divergence of derivative of multipartite en-
tanglement, we plot (dτ/dg − dτ/dg|gmax)/N
1
νd versus
N
1
νd (g − gmax) for different RG iterations in Fig. 3(d).
These curves for different system sizes approximately col-
lapse onto a single one, which is a manifestation of the
existence of finite-size scaling for the multipartite entan-
glement [4, 39]. We can conclude that the multipartite
entanglement is a good indicator to signify the critical-
ity of the transverse-field quantum Ising model on the
triangular lattice.
II.2. Sierpin´ski fractal lattice
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FIG. 4. The evolutions of multipartite entanglement τ versus
g for different RG iterations on the (a) Sierpin´ski triangular
lattice and (b) Sierpin´ski pyramid lattice.
Next, we consider the transverse-field Ising model on
the fractal lattices which are the generalizations of the
Sierpin´ski pyramid in κ spatial dimensions. For κ = 2
and κ = 3, the fractal lattices are Sierpin´ski triangle and
pyramid lattices, respectively, as depicted in Fig. 1(b)
and Fig. 1(c), whose Hausdorff dimensions can be calcu-
lated by dH = log(κ+ 1)/ log 2. Here, we choose the site
labeled by 1 as the “node”, and according to the numbers
of sites in basic clusters of fractal lattices, we investigate
the tripartite entanglement for Sierpin´ski triangle lattice
and four-partite entanglement for Sierpin´ski pyramid lat-
tice, respectively. The renormalized tripartite and four-
partite entanglements can be obtained from Eqs. 3 and 7.
The results about multipartite entanglement versus the
reduced coupling strength g for different RG iterations
on the Sierpin´ski triangular and pyramid lattices are dis-
played in Fig. 4. It is clearly observed from Fig. 4 that
the evolutions of multipartite entanglement on the frac-
6FIG. 5. (a) The first derivative of multipartite entanglement
dτ/dg versus g for different RG iterations on the Sierpin´ski
triangular lattice. (b) The logarithm of the absolute value of
maximum ln |dτ/dg|versus the logarithm of the Sierpin´ski tri-
angular lattice size ln(N), which is linear and shows a scaling
behavior. (c) The scaling behavior of gmax in terms of sys-
tem size N for the Sierpin´ski triangular lattice, where gmax
is the position of the maximum derivative of multipartite en-
tanglement. (d) The finite-size scaling through renormaliza-
tion treatment with the correlation length critical exponent
ν = 0.720 for the multipartite entanglement. The curves cor-
responding to different system sizes approximately collapse
onto a single one for this Sierpin´ski triangular lattice.
tal lattices are similar to that on the triangular lattice.
As the size of the Sierpin´ski triangular lattice increases,
the tripartite entanglement produces two different satu-
rated values that corresponding to two different phases.
The paramagnetic order at g < gStc induces the quan-
tum fluctuation and leads to the destruction of tripartite
entanglement. In contrast, as g becomes large, the ferro-
magnetic order gradually builds the tripartite entangle-
ment. The performance of four-partite entanglement in
the Sierpin´ski pyramid lattice is analogous to the tripar-
tite entanglement in the Sierpin´ski triangle lattice, one
obvious difference is the positions of intersection points
since the critical points of these two fractal lattices are
diverse. These two figures reveal that as the thermody-
namic limit is touched by increasing the RG iterations,
the multipartite entanglement can be used to detect the
critical points of the fractal lattices.
The appearance of nonanalytic behavior in some quan-
tity, often accompanied by a scaling behavior, is a fea-
ture of second-order QPT. The nonanalytic phenomenons
of the first derivative of multipartite entanglement near
the critical point and the scaling behaviors for the two-
dimensional triangular lattice have been shown in Fig.
3. In the following, we pay our attention to the cases of
FIG. 6. (a) The first derivative of multipartite entanglement
dτ/dg versus g for different RG iteration on the Sierpin´ski
pyramid lattice. (b) The logarithm of the absolute value
of maximum ln |dτ/dg|versus the logarithm of the Sierpin´ski
pyramid lattice size ln(N), which is linear and shows a scal-
ing behavior. (c) The scaling behavior of gmax in terms of
system size N for the Sierpin´ski pyramid lattice, where gmax
is the position of the maximum derivative of multipartite en-
tanglement. (d) The finite-size scaling through renormaliza-
tion treatment with the correlation length critical exponent
ν = 0.617 for the multipartite entanglement. The curves cor-
responding to different system sizes approximately collapse
onto a single one for this Sierpin´ski pyramid lattice.
fractal lattices. The first derivatives of multipartite en-
tanglement dτ/dg versus g for different RG iterations on
the Sierpin´ski triangular and pyramid lattices have been
displayed in Fig. 5(a) and Fig. 6(a), respectively. The
nonanalytic behaviors of multipartite entanglement near
the critical points become more prominent when the sizes
of systems increase, which means that the first derivatives
of multipartite entanglement are singular near the critical
points, and the systems both undergo the second-order
QPTs. To further understand the relation between the
renormlized multipartite entanglement and QPTs, we ex-
plore the finite-size scaling behaviors of multipartite en-
tanglement close to the critical points. The linear behav-
iors of ln(|dτ/dg|gmax) versus ln(N) are revealed in Figs.
5(b) and 6(b). Numerical analysis confirmed that the
maximum of dτ/dg obeys the following finite-size scaling
behavior: |dτ/dg|gmax | ∼ Nµ
′
, where the critical expo-
nent for Sierpin´ski triangular lattice is µ′3 ≃ 0.880 as
shown in Fig. 5(b) and the one for Sierpin´ski pyramid
lattice is µ′5 ≃ 0.807 as shown in Fig. 6(b). The correla-
tion length exhibits exponential behavior near the critical
point gc, i.e., ξ ∼ |g− gc|−ν . After the nth iteration, the
correlation length scales as ξn = ξ/λ
n ∼ |gn− gc|−ν with
λf = 2. N and λf in the fractal lattice have the relation
7N = N0λ
ndH
f , where N0 = 3 for κ = 2 and N0 = 4 for
κ = 3. Since |dτ/dg|gmax | ∼ |dgn/dg|gc |, we can derive
that ∣∣∣∣dτdg
∣∣∣∣
gmax
∼ N 1νdH . (11)
Comparing with |dτ/dg|gmax ∼ Nµ, the relation of
critical exponent and correlation length exponent can
be obtained µ = 1/(νdH) . It means that µ3 =
1/(νStd
St
H ) ≃ 0.876 for Sierpin´ski triangular lattice and
µ5 = 1/(νSpd
Sp
H ) ≃ 0.810 for Sierpin´ski pyramid lat-
tice. The numerical results listed above µ′3 ≃ 0.880 and
µ′5 ≃ 0.807 are in good agreement with the analytical
results, i.e. µ′3 ≃ µ3 and µ′5 ≃ µ5.
Furthermore, the value of gmax corresponding to the
maximum of dτ/dg for each RG iteration gradually tends
toward the critical point gc. It indicates |gc − gmax| ∼
N−µ, where the critical exponent for Sierpin´ski triangu-
lar lattice is µ′4 ≃ 0.870 as shown in Fig. 5(c) and the one
for Sierpin´ski pyramid lattice is µ′6 ≃ 0.826 as shown in
Fig. 6(c). These critical exponents µ4 and µ6 are directly
related the correlation length exponents in the vicinities
of the critical points. The correlation length is related
to the size of the system in the thermodynamic limit,
i.e., ξ ∼ N1/dH . Since ξ ∼ |g − gc|−ν , then the scaling
form |gc− gmax| ∼ N−1/(νdH) can be obtained, which im-
plies that µ = 1/(νdH). That is to say, for the Sierpin´ski
triangular lattice, µ4 = 1/(νStd
St
H ) ≃ 0.876 and for the
Sierpin´ski pyramid lattice, µ6 = 1/(νSpd
Sp
H ) ≃ 0.810.
The numerical results are also consistent with the an-
alytical results, i.e., µ′4 ≃ µ4 and µ′6 ≃ µ6.
Finally, it is possible to make all the data from different
RG iterations collapse onto a single curve by choosing a
suitable scaling function and taking into account the dis-
tance of the maximum of the derivatives of multipartite
entanglement from the critical point [4, 39]. We display
(dτ/dg − dτ/dg|gmax)/N
1
νdH versus N
1
νdH (g − gmax) for
different RG iterations on the Sierpin´ski triangular lat-
tice in Fig. 5(d) and on the Sierpin´ski pyramid lattice in
Fig. 6(d). These curves approximately collapse onto a
single universal one, which is a manifestation of the exis-
tence of finite-size scaling for the multipartite entangle-
ment. These results justify that the RG implementation
of multipartite entanglement truly capture the critical
behaviors of the transverse-field quantum Ising model on
the fractal lattices.
It is well known that the cornerstone of the theory of
critical phenomena is the universality, which indicates
that the critical behavior is depend on the dimension
of system and the symmetry of chosen order parameter
[1, 4]. From above discussions, it can be confirmed that
the critical behaviors of these lattices depend on their
dimensions. Furthermore, we want to point out that
the multipartite entanglement may be a better choice
than bipartite entanglement or quantum correlations for
studying the many-body systems. On the one hand, the
bipartite entanglement has limited ability to capture the
characters of the many-body systems. A typical exam-
ple is the N -qubit GHZ state |G〉 = 1/√2(|↑↑ · · · ↑〉 +
|↓↓ · · · ↓〉), which has been proved to be an N -partite en-
tangled state. However, its reduced density matrix of
two spins (i and j) ρij = 1/2(|↑↑〉 〈↑↑| + |↓↓〉 〈↓↓|) is
a separable mixed state and has no entanglement. In
Fig. 2, the bipartite entanglement only reaches the max-
imum near the critical point, while the multipartite en-
tanglement reaches the maximum in a more extensive
region. The multipartite entanglement in ferromagnetic
phase may be a valuable resource for the quantum in-
formation processing tasks. We may lose this important
information and have less chance to know the entangle-
ment distribution of the many-body system if we only
consider the bipartite entanglement. On the other hand,
although the bipartite entanglement has been success-
fully proved to capture the quantum critical points of
some many-body systems, it has been indicated that the
bipartite entanglement may fail to characterize the real
quantum critical points [3, 40, 41]. For example, the con-
currence may show no special behavior at the real critical
point of the one-dimensional frustrated spin-1/2 Heisen-
berg model [40]. In this sense, the multipartite entangle-
ment provides a global view and more physical insights
into the characters of many-body systems and may have
some advantages over bipartite entanglement or quantum
correlation for studying the many-body systems [36, 42].
III. QUANTUM COHERENCE AND QUANTUM
PHASE TRANSITIONS IN LATTICES
In this section, we choose the quantum coherence as
an indicator to study the QPTs in the transverse-field
quantum Ising model on the triangular lattice and frac-
tal lattices by using the QRG method. It is noted that
the existence of QPT is independent of the chosen physi-
cal quantity. In order to quantify the amount of quantum
coherence, the l1-norm and quantum relative entropy co-
herence have been proposed in Ref. [29]. Besides, some
other effective quantifiers of quantum coherence, such as
the quantum coherence based on the trace distance and
quantum Jensen-Shannon divergence (QJSD) have been
put forward in the later works [43–45]. Here, we choose
the quantum coherence based on the QJSD [45] to study
the QPTs of lattices. The QJSD is a measure of distin-
guishability between two quantum states [46]
J(ρ, σ) = S
(
ρ+ σ
2
)
− S(ρ) + S(σ)
2
, (12)
where S(ρ) = −Trρ log2 ρ is the von Neumann entropy.
In Ref. [47], the metric character of QJSD has been
discussed and a true metric based on the square root
of QJSD has been proposed as follows
D(ρ, σ) =
√
J(ρ, σ). (13)
It is noted that this metric verifies the triangle inequality
in addition to satisfying the distance axioms, and it is a
valuable tool since its metric properties. Moreover, it
has been proven to be true for qubit and qudit systems
8[45, 48, 49], and the measure of quantum coherence based
on the square root of the QJSD is given by
C(ρ) =
√
S
(
ρ+ ρdia
2
)
− S(ρ) + S(ρdia)
2
(14)
where ρdia is the incoherent state obtained from ρ by
deleting all off-diagonal elements [29]. Quantum coher-
ence are usually ascribed to the off-diagonal elements of
a density matrix with respect to a reference basis. We fix
the computational basis {|0〉, |1〉} as the reference basis,
where |0〉 and |1〉 are the eigenvectors of spin operator
σz .
III.1. triangular lattice
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FIG. 7. The evolution of quantum coherence C versus g for
different RG iterations on the triangular lattice.
First, we investigate the quantum coherence between
two nearest-neighbor sites on the triangular lattice. As
shown in Fig. 1(a), the basic cluster contains seven sites,
for simplicity, we apply the quantum coherence C(ρ12)
between sites 1 and 2 to study the QPT, where the re-
duced density matrix ρ12 can be obtained by tracing over
the sites 3, · · · , 7. The quantum coherence C as a func-
tion of g for different RG iterations on the triangular lat-
tice is plotted in Fig. 7. By comparing Fig. 2, it is clear
that two different saturated values of quantum coherence
are developed, however, the behaviors of quantum coher-
ence for two different phases are completely opposite to
the ones of multipartite entanglement. This is due to the
fact that the quantum coherence is basis-dependent. We
choose the eigenvectors of σz as the reference basis and
call it σz-basis. When the coupling strength g is small
enough, the external field induces the quantum fluctua-
tion and lead to all the spins being polarized along the
direction of the field, i.e. the x axis. It means that the σx
terms contribute to the off-diagonal elements of density
matrix, which leads the generation of quantum coherence
in the σz-basis [50]. Then a saturated value of quan-
tum coherence is reached in the thermodynamic limit.
As g increases, the exchange coupling gradually plays a
dominant role and keeps the system staying at the ferro-
magnetic phase, the contribution from the σx terms for
quantum coherence almost disappears. Therefore, the
quantum coherence tends to zero in ferromagnetic phase
after enough RG iterations.
FIG. 8. (a) First derivative of quantum coherence dC/dg
versus g for different RG iteration on the triangular lattice.
(b)The logarithm of the absolute value of minimum ln |dC/dg|
versus the logarithm of the triangular lattice size ln(N), which
is linear and shows a scaling behavior. (c) The scaling behav-
ior of gmin in terms of system size N for the triangular lattice,
where gmin is the position of the minimum derivative of quan-
tum coherence. (d) The (dC/dg−dC/dg|gmin)/N
1/(νd) versus
N1/(νd)(g−gmin) for different RG iterations on triangular lat-
tice where the correlation length critical exponent ν = 0.630.
The curves corresponding to different system sizes approxi-
mately collapse onto a single one.
In order to obtain the precise location of critical point
and the order of QPT, we look at the derivatives of the
quantum coherence dC/dg as a function of g for differ-
ent RG iterations in Fig. 8(a). It is quite clear from
Fig. 8(a) that the first derivative of the quantum co-
herence exhibits a nonanalytic behavior in the vicinity
of the critical point, which is a feature of the second-
order QPT. The position of the minimum of dC/dg is
gradually close to the critical point as the size of sys-
tem increases. A linear behavior of ln(|dC/dg|gmin) ver-
sus ln(N) is displayed in Fig. 8(b). The critical expo-
nent µ′′1 for this scaling behavior is |dC/dg|gmin ∼ Nµ
′′
1
where µ′′1 ≃ 0.793. Another scaling behavior is shown
in Fig. 8(c), i.e., |gc − gmin| ∼ N−µ′′2 where the critical
exponent µ′′2 ≃ 0.795. Using the similar analysis in the
previous section, we can obtain the relation between the
correlation length exponent and critical exponent for the
triangular lattice, namely, µ1 = µ2 = 1/(dνt) ≃ 0.794,
which indicates the numerical result is consistent with
the analytical one, i.e. µ′′1 ≃ µ′′2 ≃ µ1. In Fig. 8(d), we
plot (dC/dg − dC/dg|gmin)/N
1
νd versus N
1
νd (g − gmin)
for different RG iterations. All the data from different N
9collapse onto a single curve, which provides a manifesta-
tion of the existence of finite-size scaling for the quantum
coherence. It can be concluded that the quantum coher-
ence is a good indicator to signify the criticality of the
transverse-field quantum Ising model on the triangular
lattice.
The multipartite entanglement and quantum coher-
ence are both able to capture the characteristics of
ground state and show special behaviors at the real crit-
ical point of the triangular lattice, which lead to the ap-
pearance of similar properties. At the same time, these
similar properties enable us to obtain consistent critical
exponents of multipartite entanglement and quantum co-
herence, i.e. µ′1 ≃ µ′2 ≃ µ′′1 ≃ µ′′2 , which is the presen-
tation of the universality of QPT and also demonstrates
that the existence of QPT is independent of the chosen
physical quantity.
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FIG. 9. The evolution of quantum coherence C versus g for
different RG iteration on the (a) Sierpin´ski triangular lattice
and (b) Sierpin´ski pyramid lattice.
III.2. Sierpin´ski fractal lattice
Next, we turn to the transverse-field quantum Ising
model on the fractal lattices and focus on the quantum
coherence between two nearest-neighbor sites which are
labeled by 1 and 2 in Figs. 1(b) and 1(c). The results
about quantum coherence C versus the reduced coupling
strength g for different RG iterations on the Sierpin´ski
triangular and pyramid lattices are shown in Fig. 9. It
is found that the evolutions of quantum coherence on
FIG. 10. (a) The first derivative of quantum coherence dC/dg
versus g for different RG iterations on the Sierpin´ski triangu-
lar lattice. (b) The logarithm of the absolute value of min-
imum ln |dC/dg| versus the logarithm of the Sierpin´ski tri-
angular lattice size ln(N), which is linear and shows a scal-
ing behavior. (c) The scaling behavior of gmin in terms of
system size N for the Sierpin´ski triangular lattice, where
gmin is the position of the minimum derivative of quantum
coherence. (d) The (dC/dg − dC/dg|gmin)/N
1/(νdH) versus
N1/(νdH)(g − gmin) for different RG iterations on Sierpin´ski
triangular lattice where the correlation length critical expo-
nent ν = 0.720. The curves corresponding to different system
sizes approximately collapse onto a single one.
the fractal lattices are similar to that on the triangular
lattice. As the size of the lattice increases, the quan-
tum coherence produces two different saturated values
that corresponding to two different phases. Quantum co-
herence is stronger in the paramagnetic phase than the
ferromagnetic phase for both of the fractal lattices. The
positions of intersection points are different since the crit-
ical points of these two fractal lattices are not same. As
the thermodynamic limit is touched by increasing the RG
iterations, the quantum coherence can be used to detect
the critical points of the transverse-field quantum Ising
model on fractal lattices.
The nonanalytic features of the first derivatives of
quantum coherence at the critical points of the Sierpin´ski
triangular and pyramid lattices are given in Figs. 10(a)
and 11(a), respectively. Two systems both exhibit singu-
lar properties as the increase of RG iterations. We also
explore the finite-size scaling behaviors of renormalized
quantum coherence close to the critical points of fractal
lattices. The linear behaviors of ln(|dC/dg|gmin) versus
ln(N) are revealed in Figs. 10(b) and 11(b). The re-
sult of numerical analysis confirms that the minimum
of dC/dg obeys the following finite-size scaling behav-
ior: |dC/dg|gmin| ∼ Nµ
′′
, where the critical exponent for
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FIG. 11. (a) The first derivative of quantum coherence dC/dg
versus g for different RG iteration on the Sierpin´ski pyramid
lattice. (b) The logarithm of the absolute value of minimum
ln |dC/dg| versus the logarithm of the Sierpin´ski pyramid lat-
tice size ln(N), which is linear and shows a scaling behavior.
(c) The scaling behavior of gmin in terms of system size N
for the Sierpin´ski pyramid lattice, where gmin is the position
of the minimum derivative of quantum coherence. (d) The
(dC/dg−dC/dg|gmin)/N
1/(νdH) versus N1/(νdH)(g−gmin) for
different RG iterations on Sierpin´ski pyramid lattice where
the correlation length critical exponent ν = 0.617. The curves
corresponding to different system sizes approximately collapse
onto a single one.
Sierpin´ski triangular lattice is µ′′3 ≃ 0.879 as shown in
Fig. 10(b) and the one for Sierpin´ski pyramid lattice
is µ′′5 ≃ 0.808 as shown in Fig. 11(b). Figs 10(c) and
11(c) present the results of our analysis for another kind
of scaling behavior of gmin in terms of system size N ,
|gc − gmin| ∼ N−µ′′ , where µ′′4 ≃ 0.869 for Sierpin´ski tri-
angular lattice and µ′′6 ≃ 0.815 for Sierpin´ski pyramid
lattice. The relations between correlation length expo-
nents and critical exponents of quantum coherence can
be analytically obtained as well. In the case of Sierpin´ski
triangular lattice, µ3 = µ4 = 1/(νStd
St
H ) ≃ 0.876, and
in the case of for Sierpin´ski pyramid lattice, µ5 = µ6 =
1/(νSpd
Sp
H ) ≃ 0.810. The numerical results are in agree-
ment with the analytical ones. It can be seen from Figs.
10(d) and 11(d) that the curves corresponding to differ-
ent sizes of system clearly collapse on a single universal
curve. These results justify that the RG implementation
of quantum coherence truly capture the critical behav-
iors of the transverse-field quantum Ising model on the
fractal lattices.
We want to emphasize that the study of quantum
coherence on fractal lattices provides us more insights
into the characteristics of the fractal lattices. First,
the Hausdorff dimensions determining the relations be-
tween correlation length exponents and critical expo-
nents of quantum coherence are confirmed again. Second,
the critical exponents of quantum coherence are consis-
tent with the ones of multipartite entanglement, namely
µ′′3 ≃ µ′′4 ≃ µ′3 ≃ µ′4 for the Sierpin´ski triangular lat-
tice and µ′′5 ≃ µ′′6 ≃ µ′5 ≃ µ′6 for the Sierpin´ski pyra-
mid lattice. These results not only demonstrate that the
existence of QPT is independent of the chosen physical
quantity, but also are the indication of the universality
of QPT.
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FIG. 12. The critical exponents of the triangular lattice
(red circle), Sierpin´ski triangular lattice (blue square) and
Sierpin´ski pyramid lattice (black triangle) with error bars de-
noting the simulation errors.
At last, based on the obtained analytical and numerical
results of the critical exponents, we display the critical
exponents of the triangular lattice and Sierpin´ski fractral
lattices with error bars denoting the simulation errors in
Fig. 12. The error bars originate from the standard
deviation and indicate the errors between the numerical
and analytical results. It can be confirmed again that
the numerical values of critical exponents obtained from
multipartite entanglement and quantum coherence are
consistent with the analytical ones.
IV. CONCLUSIONS
We investigate the performances of multipartite entan-
glement and quantum coherence in the quantum phase
transitions for transverse-field quantum Ising model on
the triangular lattice and Sierpin´ski fractal lattices by
employing the QRG method. It is shown that the quan-
tum criticalities of these high-dimensional models closely
relate to the behaviors of the multipartite entanglement
and quantum coherence. As the thermodynamic limit
is approached, the multipartite entanglement and quan-
tum coherence for these models both develop two differ-
ent values corresponding to two phases, i.e., the ferro-
magnetic phase and paramagnetic phase. However, the
performances of the multipartite entanglement and quan-
tum coherence in two phases are completely different.
The multipartite entanglement in ferromagnetic phase
is richer than the one in paramagnetic phase since the
GHZ-like state is more likely to exist in the ferromagnetic
phase. Nevertheless, the quantum coherence in param-
agnetic phase is stronger than the one in ferromagnetic
phase, for the reason that the external field may induce
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the quantum fluctuation and lead to some spin being po-
larized along the direction of the field, and the σx terms
contribute to the off-diagonal elements of density matrix,
which leads the generation of quantum coherence.
Moreover, the singularities and finite-size scaling be-
haviors for each lattice can be obtained by calculating the
first derivatives of multipartite entanglement and quan-
tum coherence. Although a similar analysis has been
performed using the bipartite entanglement in Ref. [13],
the authors have only given one kind of scaling behavior
for each lattice. In contrast, we have obtained all the
scaling behaviors as mentioned in Ref. [4], especially the
ones which characterize how the critical points gc of these
models are touched as the increase of system sizes. The
critical exponents are related to the correlation length
exponents and dimensions of lattices, which is due to the
fact that the universality of quantum phase transition
is dependent on the effective dimension. The multipar-
tite entanglement and quantum coherence are both able
to capture the characteristics of ground states and show
special behaviors at the critical points, which lead to the
appearance of similar properties and consistent critical
exponents. It is the presentation of the universality of
QPT and also demonstrates that the existence of QPT
is independent of the chosen physical quantity.
In general, the multipartite entanglement and quan-
tum coherence are both good indicators to detect the
quantum phase transitions in the triangular lattice and
Sierpin´ski fractal lattices. We expect our results to be
of interest for a wide range of applications in other high-
dimensional lattices with help of the QRG method.
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